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Simulating Particle Systems

Experimental Results

Choosing an Optimal Step Size

General Set Up: Have collection of particles {x,-(t)}{.\’=1 c RY that form an em-
pirical distribution u’t\’, and have some dynamics that describe their evolution:

IJ'tV+h ~ En(ul)

for some noisy En. We can numerically simulate the particle system by suc-
cessively applying E, for some small h.

Goal: Want to use ul and u , to approximate uf , without needing to apply
En repeatedly. If H> h, this drastically reduces computation time for simulat-
Ing many steps (e.g., to approximate a steady state distribution).

Idea: Use an analog of Euler’'s method:

Hin+1) = (Id+H - F(tn, H(m))#Hn)
where F(tn, H(n)) is the tangent vector field describing the flow of mass of n).

Why Optimal Transport?

Motivating Theorem: [1l] Let t — u; € P»(RY) be absolutely continuous in
the Wasserstein-2 distance. Then there is a unigue minimal-energy vector
field vt : RY — R such that the continuity equation

otHt + V- (Vi) = 0
holds in the sense of distributions. Moreover, for £1-a.e. t,
W2 (ut+r, (id+Hve)zue)

lim 0 ()
H—0 |H]
and, assuming ur < £9,
1
i _(THt+h — — i 2
Ilql_r)rg) h(Tut id) = vt in L<(ut). ()

Key Result: We then show that Euler’'s method on the Wasserstein manifold
Is first-order accurate:

Theorem (K., Nikitopoulos, Kevrekidis, Lee, Cloninger (2025)) [2]

Let F(t, u) be a vector field in the tangent space T,W; forall t € [0, T] and

u € P>(RY), and suppose t — (¢ is an absolutely continuous curve satisfying
the continuity equation with v¢ := F(t, ut). Under regularity assumptions on
F, we can guarantee that the characteristic ODE

d
Yx(0) =X, E'Yx(t) = V(rYx(t))

admits a unique C? solution for ug-a.e. x € R9. Furthermore, if

1
2
M = U max IIY;'(f)Ilgd,Uo(X)) < 00,
R

dte[0,T]
then for t, := nH, the analog of Euler's method above with L) = o satis-

where L1, Ly are Lipschitz constants of F.
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Gaussian Diffusion: Results of applying our discrete Euler-type algorithm
on a simulation of particles diffusing in two dimensions.

Control Particle Distribution at time t=30.0 Control Particle Distribution at time t=150.0
10 .

Approximated Particle Distribution at time t=30.0 Approximated Particle Distribution at ti =1000.0

We perform PCA to visualize how well our R 72
method approximates the distribution’s
true evolution.
— Color: Control (true) evolution using an N e
Euler-Maruyama microscale simulation
of Gaussian diffusion

— Black: Approximated evolution using )
our discrete approximation algorithm

Bacterial Chemotaxis: We also apply the algorithm on a bacterial
chemotaxis simulation that models bacteria responding to a chemoattrac-
tant, as described in [3].

Control Cell Distribution at time t=4000.0

Approximated Cell Distribution at time t=500.0 Approximated Cell Distribution at time t=1000.0 Approximated Cell Distribution at time t=2000.0 Approximated Cell Distribution at time t=4000.0
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PCA plot to compare the approximations 70
with the control cell distributions. The ap-
proximations appear slightly behind the
true curve because some underlying cell
variables take longer to equilibriate after
each Euler-step. To accurately approxi-
mate the evolution, we must accurately
predict all simulation data, not just bac-
teria locations. 0
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We approximate the velocity field
1
Vi(Xi) ~ E(Tﬁt“”(xi) —X{) =1 V] (X))

for an appropriate h. Why not take h — 07?

True Vector Field h optimal

For Gaussian diffusion, we know the |
true underlying vector field v¢. The

approximation error ||v¢— "?”Lz(ut):
—is large for small h, - /
— approaches the theoretical finite < -
difference error for large h. TNl

—— N = 1e+06
—— N =3e+06
—— N =1e+07
—— N = 3e+07
—— N =1e+08

Empirically, there is an optimal
choice for h that decreases as N in-
creases.

Connections to Fast-Slow Systems

Application: We get a “time stepper” that sits between the two time scales
of particle systems. We can numerically integrate on the long scale, which
reduces the number of microscale steps needed to observe the long-term
behavior of interest.

Ongoing Work: (1) How do we choose an appropriate h without knowing
the underlying (theoretical) vector field? (2) Can we numerically estimate
the second-derivative bound M based on simulation data? (3) Is there an
analogous Newton-type method for quickly approximating the steady state
distribution?
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